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[ New Syllabus ]
( Riemann Integration and Metric Spaces ) |
Full Marks : 80 | metric space (R, d) is
Time : Three hours

. : 1
(e) The open ball S(E’l) on the usual

el E]
5y
1. Answer the following as directed : N s atig
1x10=10 s s
(a) A bounded function f: [a,b] - R s ‘ 1 -3]
integrable if for each ¢ > 0, there exists () 52
a partition P such that e
L s
() U(f,P)<e+L(f.P) [ 2]
(Choose the correct option)
i i4 P
& U(f’P) S vl : (i Let "X hetia ' non-empty  set: If
: : d:XxX —> R 1s a pseudometric on X,
S0 ,P - _
(i) U(f ’P) 5.7 (f ) then which of the following statement
is false ?
(i) U(f,P)>e-L(f.P) . _
(Choose the correct option) () d(x,y)=0 for all x,yeX
(b) State mean value theorem for integrals. (e dl(De i) =0 =be —y M for allse) 7/ X
3 (@ d(x,y)= ( Ui )etort alliioe Sy fcox
Evaluate I =. : . ,
e 2 — i el e o Do ) ol
(d) Define Euclidean metric on Rn. ' X, Y,2€ X

(Choose the correct option)
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(g9 1If Ais a non-empty subset of a metric |

e (5 6] me et e il 2. Answer the following questions : 2x5=10
then A is i (@) St (el oni[O7 [ and

(i) closed in X : | ;

Bl e % ‘ g - /2 ={xl— =§, = 0,1,2,....8}

(i) Both open and closed in X | Find L( 7 P) gy U( £, P)
(iv) None of the above

(Choose the correct option) | (b) Prove that |(a+1)=ala
i Shor thaththe closﬁr R 5% (c) Show that the discrete metric space is

where (X, d) is a metric space, is closed. a complete metric space.
()  Define a contraction mapping on a (d) Let (X,d) be a metric space and

et spase. '- S(x,7)={y e X : d(x,y)< r} be a
() Which of the following statements are '

true ? | closed ball in X. Prove that S(x,7)
(i) A singleton set {x} in any metric is closed.
space is always connected. (e) Prove that if Y is a connected set in a
(i) The interval [2, 3) is not connected metric space (X, d), then any set Z
~ in the usual metric space (R, d). such that Y Z cY is connected.
(iii) If (X, d) is a connected metric 3. Answer any four questions : 5x4=20
space, there exists a proper subset : '
of X which is both open and closed = (@) Let f:[a, b] >R be continuous. Prove
in X ' 1 that f is integrable.

(iv) Closure of a connected set in a n
1 3

metric space is connected. ' '
b) Show that lim =log—
(Choose the correct option) () s rHoo}é on +k ’ 2
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(¢

(d)

(e)

Define an open ball in a metric space.

- Prove that in any metric space (X, d),

each open ball is an open set. 1+4=5

Let (X, dx) and (Y,dy) be two metric
spaces. that a mapping
f:X —>Y is continuous on X if and

Prove

only if f71(G) is open in X for all open

subsets G of Y.

A continuous function may not map a
Cauchy sequence into a Cauchy
sequence — Justify it.

Let (X,dy) and (Y,dy) be two
metric spaces and f : X > Y be
uniformly continuous. If {x,}  is a
Cauchy sequence in X, then show

that {f(xn)}n21 is also a Cauchy

sequence in Y. 14+4=5

Let (X,dy) be a metric space. If
every continuous function '
f:(X,dx)—> (R, d) has the
intermediate value property, then
prove that (X, dy) is a connected
metric space.

BO1FS 0109-110 6

Answer either (a) or (b) of the following

questions : (Q.4 to Q.7)
4.
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(@ (1
(@

(b) ()
@@

10x4=40

State and prove First Fundamental
Theorem of Calculus. 1+4=5

Discuss the convergence of the
|

integral L x—de for various

valiies ‘ol ipt s : S

Show that f :[0,1] >R defined

by f(x)=x" is integrable and

1

: 4
n+1

J;f(x)dx =

Let f be continuous on [a,b].

Prove that there exists c € [a, b]

1 p '
such that —b_ajaf(x)dxzf(c),
Use the 1st mean value theorem

to prove that for 0<gq<1 and

1 mn

x
neN,jl dx >0 as n— .
il
3E3=—6
Contd.



S.  (a) ()

(@)

(b) (1

(i)
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Let X:R. For x,ye R, define

d(x, y):.ﬂ___i

1+lx_y|. Show that d

is a metric on R. : 4

Prove that a convergent sequence
in a metric space is a Cauchy
sequence.

Does the converse of this hold ?
Justify it.- 4+2=6

Prove that the metric space
X =R" with the metric given by

n

dp(x, y) = 2| SU &

=1

P

D=l

where x=(x, x,,.....,%,) and

Y=(% Yp,--.uY,) are in pn, is a
complete metric space. S
Let (X, d) be a metric space and
Fi, F> be subsets of X. Prove

that (RUF,) =R UFE, and

EUF, =RUE. . 3+2-5

6.
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(@) (i)

(@)

) (i)

(it)

Let (X, d) be a metric space and
let xeX and Ac X be non-

empty. Then prove that xe A if
and only if d(x, A)=0. 4

Let (X,dx) and (Y, dy) be metric

spaces and A';X. Prove that a

function f: A —>Y is continuous

at ge A if and only if whenever a

sequence {x,} in A converges to
a, the sequence {f(x,)} converges
to f(a). 6

Prove that a mapping f: X Y
is continuous on X iff f(F) is
closed in X for all closed subsets
ot BY: 4
Let (X, dx) and (Y, dy) be metric

spaces and let f:X —» Y. Prove

that the following statements are
equivalent :

I. fis continuous on X

Contd.



1L f—l(B)gf—l(E)A P | (ii) Let (X, d) be a metric space and

: _ let {Y,:1en} be a family of

| connected sets in (X, d) having a
T f(ﬁ)g f(A) for all Ac X 52 nonempty intersection. Prove that
® Y=|]Y, is connected. 4
AEn
7. (a) Let (R, d) be the space of real numbers

with the usual metric. Prove that a

subset I ¢ R is connected if and only
if Iis an interval. 10

(b) () If f and g are two uniformly
: continuous mappings of metric

spaces (X,dx) to (Y,dy,) and
(Y,dy) to (Z,d;) respectively,
then prove that go f is uniformly
continuous mapping of (X, dyx) to
(Z,dy).

Show  that the function
f:(0,1)>Ek defined by

1
f(x)=; is not wuniformly

continuous. 4+42=6
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Answer the following questions : 1x7=7
(@) Write down the Cauchy-Riemann
equations.
(b) Define analytic function.
1-1 .
(¢) Find the argument of T
@RIz =24 land iz, =3-2i; then

(e)
0]

(g)

Answer the following questions :

(1)

[ Old Syllabus |
(Complex Analysis)
Full Marks : 60

Time : Three hours

evaluate |’3>z1 - 422| 5
Find lim(z° +22).
Z 1 :
) :
Find ((3-1)=3)i.

w5 i
Express '3 .11 the form q+bi.

2X4.=8

Ti=ai ;
Write e in the form ei?.
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(ii)
(i)

(iv) .

Answer any three questions :

(@

(b)

(¢

1+ 21
—2—1

Find

Determine the points at which the

1

RuBRIEnem e
: z—2+31.

is not analytic.

For any two complex numbers z; and

zp, prove that |z,z,|=|z||z,].

o*x3=15

Provelth at A ()= -2 80 - S5
continuous everywhere in the finite
plane.

Show that f(z)=e? is analytic at every
point of the complex plane.

1 e?
Evaluate %(gz—Z’ where C is the

circle ||z|=1.

(d) If f(z)=2°-2z; zeoC, then find
f’(z) at z = -1, provided the wvalue ‘
exists. : :

BO1FS 0109-110 13 Contd.



R ey

(iii) Prove that if f (2) is integrable along

a curve C having finite length L and
if there exists a positive number

such that [f (lz)ls M on C, then

z2, zZ#i

(e) Let f(2) Z{O _;» prove that f(z)

1s not continuous at z=7j.

4. Answer any three questions : 10x3=30

() Prove that the necessary and
sufficient conditions for the complex

(z)dz|< ML

function @ = f(2)=u(xy)+iv(x,y) Find the analytic function whose

(v) (@) _
to be analytic in a region R are real part is
B u=e*|(x2-y?)cosy +2xysiny |.
w_ov o | | lefay ) oo !
ax 3 ay and Oy 6x 5 5

(b) Show that the function

where all partial derivatives are ‘ : 5 )
f(2) =sinxcoshy+icosxsinhy

assumed to be continuous on R.

2 | _ is entire. ; s
(@) If f(z) is analytic with its derivative 4 (a) State and prove Cauchy’s Integray
f'(2) continuous at all points inside Formulae. -
and on a simple closed curve C, prove
(b) Evaluate D I » Where ¢ is
that J‘f(z)dz.:o' cZ
: the circle ||2]=3. 3

BO1FS 0109-
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(vi) (a) Suppose that

= 5y Sru (0 = 1,2,3...) and
Zi= oGl Prove that lim z, =2
n-—>00
if and only if im x, =x znd
n—co

limyn =y'

n—w

2pLJ o | 5l
(b) " Show: that, z7e>% = é—(n—Q)!z

(]zf < oo) : 5
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